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=I A Plane and a Sphere

[ Define a plane and a sphere:

[ restart

eql=p+q+r=1

L eq2:=p2+q2+r2=1

[ Plot them, along with the projections of thelir intersection.

with(plots)
L with(plottools)
P :=implicitplot3d(egl, p=-1.2..1.2,q=-1.2..1.2,r =-1.2 .. 1.2, style = patchnogrid, color = gold)

S:=implicitplot3d(eg2, p=-1.2..1.2,q=-12..1.2,r=-1.2.. 1.2, style = patchcontour,
L grid =[ 20, 20, 20], color = blue)

varlist:==[p, q, r]
for jinvarlist do
eq_j := op(eliminate({ eql, qu},J')z);
X :=remove( has, varlist, | )1;
y :=remove( has, varlist, | )2;
C_.j:=implicitplot(eq .j,x=-12..12,y=-12..1.2, color =red, thickness = 2)
L od
f p:=transform((x, y) ® [1.2,X,y])
f g:=transform((x, y) ® [x, 1.2,y])
L f_r:=transform((x,y) ® [%,y, 1.2])
( display(P, S seq(f_.(op(i, varlist))(C_.(op(i, varlist))), i =1.. 3), orientation = [ - 20, 70],
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labels=["p","q", "r"], scaling = constrained, lightmodel = light2)

=l The Projection of the Intersection isan Ellipse

=] OneEllipse

[ The explicit solutions for (p,q), parametrized by r, of the intersection curve are

[alvalues(solve({ eql, eq2}, { p.q}))]

g{qz-1r+1+}4/-3r2+2r+1,p=-1r+}-1/\/-3r2+2r+1},
é 2 2 2 2 2 2
{q:-1r+1-1/\/-3r2+2r+1,p=-1r+1+}4/-3r2+2r+1}a
2 2 2 2 2 2 u

[ p and g are interchangable. Plot both sets:

solsl := [ rhs( op(select(has, %1, p))), rhs(op(select( has, %1, a)l

sols2 := [ rhs( op(select(has, %%2, p))), rhs(op(select( has, %%2, a)l
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plot([[op(solsl), r = %1 .. %2], [op(sols2), r = %1 .. %2]], scaling = constrained,
color =[blue, red], thickness= 2, labels=["p", "q"])
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Thisis, of course, just the ellipse that is the plane-sphere intersection projected onto the (p,q)
| plane.

=] Another Ellipse

[ Let'slook at the intersection parametrized by (p,q).
eliminate({ eql, eg2}, r)

L [{r=-p-q+1},{p2+q2+pq-p-q}]

pq := 0p(%,) =0
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2, 2
L pg:=p +q +pg-p-q=0

I which isan equation for an ellipse. Plotting this equation implicitly produces the same ellipse
| asabove.

implicitplot(pg, p=-1..1,g=-1..1, grid =[50, 50], scaling = constrained, color = blue,
thickness = 2)
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=] Ellipsesthe Pun ...

[ We can remove the cross term with arotation:

| pasubs = [p = ucos(q) - vsin(q), q=usin(q) +vcos(q)]
| subs(pasubs, pa)

collect(%, [ u, v], combine, distributed)

e 1. 02 . .
gl+59n(ZQ)gu +cos(2q) vu+(-cos(q) - sin(q)) u+(sin(q) - cos(q)) v

alfoubsiy = 2, o6
o=~ 02

: 02
sin(2q) +1EV =0

N =

1 3
—u2+ 2v+—v2:0
2 2
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Euv::%

implicitplot(uv,u=-1..1,v=-1..1, grid =[50, 50], scaling = constrained, color = blue,
thickness = 2)
07 //’/——\\
i //// ~
-0.2*: //
] /
-0.4- (
\' I |
-0.6 \ /
1 //
] e
0.8 -
1 \\\\ ///// //
08 -06 -04 02 0 02 04 06 08
u
[ We can easily put the equation into standard form:
csquare( uv, v)
3 1 —@ 2
—gv+— 2% +_u --=0
L 2 3 g 2
map(X® 3 x+ 1, %)
92 1 ~® 3 2 _
2§V+3ﬁ5 tou =t

=I An Interesting Surface

[ Recall the sphere and plane equations:

egl
eq2
p+g+r=1

pPrg+rP=1
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p+q+r)2=1

eqQ := %

{ Now, consider map(x ® x ,eql)
[ Thisis aquadratic surface whose appearance is

=implicitplot3d(eqQ, p=-12..12,9q=-12..1.2,r =-1.2 .. 1.2, style = patchcontour,
L grld-[15 15, 15])

display(Q, labels=["p", "q", "r"], orientation = [ - 45, 65], scaling = constrained)

[ We've doubled our plane. Substitute the sphere equation into this to get

simplify(eqQ, { eq2})
2pg+2pr+2qr+l1=1

®X 1(VQ
mapgx x
" s

L pg+pr+qr=0
[eqS::%

Another way to view thisisisolate(eq3, r)
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_ba

p+q

[ eq_r :=rhs(%)

[ So we have a hyperboloid. A plot of thisequationis

r=-

Is:=8 12+i2'4 i=1 1695
:rvas.—esqu . 16,|— - 1654
for i to 16 do c.i := implicitplot(subs(r = op(i, rvals), eq3), p=-12..1.2,q=-1.2.. 1.2,

scaling = constrained, color = black)
L od

[ f:=transform((x, y) ® [X, Y, -1.2])

= implicitplot3d(eg3, p=-1.2..1.2,q=-1.2..1.2,r =-1.2 .. 1.2, style = patchcontour,
L grid =35, 35, 35], contours = rvals)

display(seq(f(c.i),i=1..16), H, labels=["p", "q", "r"], orientation = [ 140, 60],
view=[-12..12,-12.12,-12..12])

[ Let's put thisin standard form. First, rotate in the (q,r) plane.
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L grsubs:=[g=ucos(q) - vsin(qg),r=usin(q) +vcos(q)]
[ subs( grsubs, eg3)

collect(%, [u, v], combine, distributed)
1
Esin(Z aq) o+ cos(2q) vu+(pcos(q) +psin(q)) u+(-psin(q) +pcos(q)) v

1. 2
- Esm(Zq)v =0

Ay = 22 g, %
ev SU =, ==
goubsgq ="~ %2

-u2- 2p«/§v+v2:0

Next, rotate in the (p,v) plane.

1 [

pvsubs:=[p=scos(q) - tsin(q),v=ssin(q) +tcos(q)]
collect(subs( pvsubs, %%), [ s, t], combine, distributed)

g+/2sn(20) +§- gcos(z q)%s2+<-2ﬁcos(2 q) +sn(2q)) ts

2r 1 1092 2_
+g«/59n(2q)+zcos(2q)+25t -u =0

isolate( remove( has, Ihs(%), { 5% t% u°}), q)
q =§arctan(2«/5)
eval (subs(%, %9%))

-SZ+2t2- u2=0

[ stu =%
[ Much better. Plot this;

stu_plot :=implicitplot3d(stu, s=-1.2.. 1.2, t=-12..1.2, u=-1.2 .. 1.2, style = patchcontour,
L grid =[35, 35, 35], contours = rvals)

for i to 16 do c.i := implicitplot(subs(u = op(i, rvals), stu),s=-12..1.2,t=-12..1.2,
scaling = constrained, color = black, grid =[50, 50])
L od

display(seq(f(c.i),i =1..16), stu_plot, labels=["s", "t", "u"], orientation = [ - 20, 60],
scaling = constrained)
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[ read "c:/Maple/SpherePlane.m”
[ save "c:/Maple/SpherePlane.m”
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